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Abstract 

In this article, by means of using discrete zero curvature representation and constructing 
opportune time evolution problems, two new discrete integrable lattice hierarchies with n- 
dependent coefficients are proposed, which related to a new discrete Schrodinger nonisospectral 
operator equation. The relation of the two new lattice hierarchies with the Volterra hierarchy 
is discussed. It has been shown that one lattice hierarchy is equivalent to the positive Volterra 
hierarchy with n-dependent coefficients and another lattice hierarchy with isospectral problem is 
equivalent to the negative Volterra hierarchy. We demonstrate the existence of infinitely many 
conservation laws for the two lattice hierarchies and give the corresponding conserved densities 
and the associated fluxes formulaically. Thus their integrability is confirmed. 

1 Introduction 

In recent years there has been wide interests in the study of nonlinear integrable lattice systems. It is 
well known that discrete lattice systems not only have rich mathematical structures but also have many 
applications in science, such as mathematical physics, numerical analysis, statistical physics, quantum 
physics, etc. Recently Boiti and co-authors [1] proposed a whole class of nonlinear lattice evolution 
equations, by use of the Lax technique introduced in [2] and [3], which correspond to isospectral 
deformations of the new Schrodinger discrete spectral operator, 

(E 2 - q n+1 E)$ n (\) = XMX), (1.1) 

i.e. 

E^ n (X) = U n (X)MX), U n (X) = ( ° 1 ) , (1.2) 
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where n G Z is a discrete variable, A G C is the spectral parameter and E k is the shift operator defined 
by E k f(n) = f(n + k), k G Z. This spectral equation was introduced by Shabat in [4] and investigated 
by Boiti et al in [5]. Integrable lattice hierarchies related to (1.1) are interesting. It has been shown 
that they contain as special cases discrete versions of KdV, Sine-Gordon and Liouville equations. The 
Darboux transformation and the Backhand transformation for the proposed lattice hierarchies were 
also obtained in [1]. In [6], we demonstrated the existence of infinitely many conservation laws for the 
proposed lattice hierarchies and gave the corresponding conserved densities and the associated fluxes 
formulaically. 

In this paper, we would like to consider nonisospectral deformations of the Schrodinger discrete spectral 
operator equation (1.1). By means of constructing opportune time evolution equation explicitly, 

dip n (\) 



dt 



= ^ (m) (<Zn,A)Y>n(A), (1.3) 



where Vn^ is a proper 2x2 matrix, and using the discrete zero curvature representation 

dJ w + lr§ " ( ^ (m)) ^ + u <M m) = o. 

where ^ = aA^,a / with /3 being a proper constant, we propose two integrable lattice hierarchies 
with n-dependent coefficients related to nonisospectral problem (1.2). The relation of the two new 
lattice hierarchies with the Volterra lattice hierarchy is discussed. It is well known that the existence 
of infinitely many conservation laws is very important indicator of integrability of the system. From 
physical view and numerical analysis, it is also very useful to know whether exist conservation laws for a 
lattice system. Infinitely many conservation laws for many discrete lattice systems have been obtained. 
However, to our knowledge, conservation laws for the lattice system with n-dependent coefficients have 
not been discussed in the literature. In this article, using the explicit Lax pairs and following the 
method studied in [6-10], we will demonstrate the existence of infinitely many conservation laws for 
the obtained two lattice hierarchies and give the corresponding conserved densities and the associated 
fluxes formulaically. It should be remarked that an extension of the discrete Schrodinger spectral 
problem (1.1), i.e. 

(E 2 + a n E + b n + CnE- 1 )^ = \ip n (1.5) 

and associated evolution equations were studied in [11,12]. However, the condition c n = in above 
operator equation is not allowed in [11,12]. 



2 Two integrable lattice hierarchies with n-dependent coefficient as- 
sociated with nonisospectral problem (1.2) 

The derivation of new integrable lattice hierarchy is always very important and interesting, though the 
used method sometimes is standard. In this section, we derive two integrable lattice hierarchies with n- 
dependent coefficients associated with nonisospectral problem (1.2) by means of discrete zero curvature 
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representation and study the relation of the two lattice hierarchies with the Volterra hierarchy. Let's 
construct opportune time evolution matrix Vn"^ as follows, 

V (m) = ( BM(X) iW(A) \ 

with 

m in m 

A ( - m \x) = ]T Aj\ m - j , B {m \X) = BjX m ~ j , C (m) (A) = CjX m - j , 
j=-i j=-i j=-i 

where Aj,Bj, Cj(j = —1,0, 1 m) are determined by the following equation: 

(E + l)B j = -q n EA v (E 2 - l)Aj = q n (E - l)Bj- U 

Cj = -B h j = 0,l,2,...,m (2.2) 
EB_ X - C_i + q n EA_ x = 0, {E 2 - 1)A_! = 0, 

EC-i - J B_i - q n EA^i = a. 

Here we suppose time evolution of spectral parameter A is described by ^ = a\ m+2 ,m > —1. From 
discrete zero curvature representation, an integrable lattice hierarchy is proposed, 

q n = q n (E - l)C m , m > -1, (2.3) 

where C m ,m > — 1 can be found from equation (2.2) via the path: 

A-i — > B-i — > C_i — > ^4o - ► Co - ► - * An-i - ► C m _i — > ^4 m — > C m — > 

By means of the following formulas: 

oo 

(E+ir^^-r/^, 

fc=0 

oo 

(iS-l)" 1 = (2.4) 

fc=0 

oo 

fc=0 

and choose A_i = —1, we obtain the solutions to equation (2.2): 

-i oo 

B-i = j)a + Cl (-ir + E(-iyw*. 

z 4 fc=0 
-. oo 

C-i = £ + T)a - Cl (-l) n - £("!) W> 
z 4 fc=0 
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CO oo oo oo 

A = C 2 + C 3 (-l) n + (2 Cl (-l) n - |) E ^+2k + E <?n+2fc " 2 E 1n + 2k E (" V+ J+ 2/c, 

fc=0 fc=0 fc=0 j=l 

oo oo oo oo 

C = C 4 (-l) n + C 2 E(-!) fe 9n+fe - C 3 (-l) n E ^n+fc " | E( _1 )^n+fc E ?n+2j+fc+l (2.5) 
fc=0 fc=0 k=0 j=0 

oo oo oo oo 

-2d(-l) B £fl»+*E 

<Zn+2,j'+fc+l 

fc=0 j=0 fc=0 J=0 



-2 E( _1 ) fc ^™+ fe E <7n+2j+l+fc E( _1 )^™+ i + 2 i+ fe 
fc=0 j=0 i=2 

A 1 = (E 2 - ly^qnil - E)C ], C\ = (E + l)-\q n EA 1 ), 



where Cj, (i = 1, 2, 3, 4) are arbitrary constants. The first flow and the second flow of lattice hierarchy 
(2.3) are described, respectively, 

oo 

q n = q n (2 Cl (-l) n + ^+q n + 2 £(-l) fc g n+fc ), (2.6) 
Z k=i 

q n = q n (E - 1)C , (2.7) 
In order to obtain the second lattice hierarchy, we set, in matrix Vn m \ that 

m m m 

aW(A) = E Aj\ j ~ m ~ 1 , B^iX) = E BjX j - m -\ C (m) (A) = E C^ - ™- 1 , 

j=0 j=0 j=0 

where Aj,Bj, Cj(j = 0, 1, 2, ....to) are determined by the following equation: 

(E + l)Bj = -qnEAj, (E 2 - l)Aj_i + q n (E - \)Cj = 0, 

Bj = -Cj, i = l,2,...,TO (2.8) 
EB - C + q n EA = 0, (E — 1)C = 0, 
£C - - g„£A = a. 

Here the time evolution of spectral parameter A is described by = aX~ m ,m > 0. By means of 
discrete zero curvature representation, another lattice hierarchy is proposed, 

q n = (E 2 - l)A m , to > 0, (2.9) 

where A m ,m > are determined from equation (2.8) via the path: 

Co — > Bq — > Aq — > Bi — > A\ — > — > B m _i — > A m _i — > B m — > A m — > 
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Choosing Cq = 0, we obtain 



1 — na 1 — na v - 
Bo = na — 1, A) = , -Di = 1- o 2^ 



ln-1 QnQn-1 k=(j Qn+kln+k+1 



oo 



Ai= (n-l)a-l (L + J_ ) _2a_ ; 

°„-l In Qn-2 Qn-1 k=Q Qn+kQn+k+1 



oo 



—1 1 + (1 — n)a 1 + (3 — n)a 1 — na 2a • ^ 

B2= n n + n n + V~n T ^ n n 3ffl L„2 „2 



q n -lQn Qn-2q n -l qn-lQn QnQn+1 <7n-l<7n fc=1 Qn+kQn+k+l k=Q 1 n +k1n+k+l 

{1 + E~ 1 )B 2 



A 2 = 



Qn-1 



The first flow of (2.9) is given by 



^ = l-(" + 2)° _l^g (2 . n) 

Qn+l Qn-1 



which is just a discrete KdV equation with n dependent coefficient. The second flow of (2.9) is 

(n + l)a-l, 1 1 N (n- \)a-\,l 1 , 



Qn+l Qn+2 q n qn-1 9n 9n-2 ' 

2a ~ 1 2a 00 



qn+l k=2 qn+kQn+k+1 qn-1 k=Q qn+kQn+k+1 

We notice that by considering the foilowing two transformations for (1.1): 



oo 



i>n = ^n\ n/2 II 9k, (2-13) 

k=n+l 

$n = $nX n/2 ft -> ( 2 - 14 ) 
fc=-oo * 

the nonisospectral problem (1.1) becomes 

(9n9n+l) _1 ^n+l = 4>n-l + A" 1/2 n (2.15) 

i.e., 

E<t> n = tJ n ct> n , U n =( ° * J (2.16) 

V QnQn+i A 1/z q n q n +i J 
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and continuous time evolution equation (1.3) becomes 



^- = V^(q n ,\)4>nW, (2-17) 



where 



yM( g A)= 11 2X dt ,^ k=n ^ in I (2.18) 

Discrete spectral problem (2.15) is the well-known Volterra discrete spectral problem with canonical 
variable 1 i . So, it may be questioned that are lattice hierarchies (2.3) and (2.9) equivalent to the 
Volterra hierarchy with n dependent coefficients? It is well known that lattice hierarchy derived from 
discrete zero curvature representation not only depends on discrete spectral operator equation but 
also relates to its continuous-time evolution problem. In the following, we will give an answer to the 
question. By the discrete zero curvature representation of U n and V n , we have 

d(g n g n+1 ) (vJ m ) J m ) \-!n J™' \-l dX , g" i f 91Q \ 

-t: — q n qn+i{Ev 22 -v u -A q n v 21 — a — H 1 ), (^-lyj 

at at q n q n+ \ 

x _ 1/2 d(q n q +1 ) = x -i/2 qngn+i[{E _ 1)v {rn) + _ E -i )v M + ^±1] (2 . 20) 

at q n q n+ i 

For lattice hierarchy (2.9), notice the conditions (2.8) of the equations (2.19) and (2.20) are 

compatible, which leads to 

d{q n q n +i) 



dt 



= q n+1 (E 2 -l)A m + q n (E 2 - l)EA m , m > 0. (2.21) 



However, for lattice hierarchy (2.3), notice the conditions (2.2) of ujj^the equations (2.19) and (2.20) 
are compatible only if a = 0. In this case, we have 

d(9n J; +l) =q n qn + i(E 2 -l)C m , m>-l. (2.22) 

Now let's discuss the relation of lattice hierarchy (2.21) with the positive Volterra lattice hierarchy. 
First notice that positive Volterra lattice hierarchy is described by 

^ = u n (£-l)(l + £- 1 )e m , m>0, (2.23) 

where e m is determined by the following equation: 

(E - E-^ej + (E - l)h j+1 = 0, j>0 
(E - l) ej + u n+l E 2 hj - u n hj = 0, j > (2.24) 

(E - l)h = 0, 
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By introducing u n = - ^ — , and i — > — i for even flows, the hierarchy (2.21) is written as 

^ = u n (£ - + l)(-ir +1 C m+1 , m > 0. (2.25) 

If only considering isospectral problem, we can prove the following formula by the induction: 

(-iy+\E + l)C j+1 = (1 + E-^ej, j > 0. (2.26) 

In fact, since eo = u n , C\ = equation (2.26) holds for j = 0. Suppose it is true for j = m — 1, 
then notice that 

CWr = (£ - ir^U " E^ E '\ +E)Cm )] 

Qn-l 

= (-ir(E - - E*){ E ~ 1{l + E ~ l)em - 1 )] (2.27) 

Qn-1 

and 

E-\l + E~ x )e m _ x = q n ^(E 2 - l)-\q n {E - l)£ _1 e m ]. (2.28) 

Then, equation (2.26) is also true for j = m. Thus, hierarchy (2.25) is equivalent to positive Volterra 

hierarchy for isospectral and nonisospectral problems. The first and the second nonisospectral flow of 
the hierarchy (2.25) are described by the following equations, respectively, 

du 

= u n (u n+1 - Un-ij - au n [(n + 3)ii n+ i +u n - mi n _i] (2.29) 

= U n U n+ l(U n + U n+ l + U n+2 ) - U n U n -l{U n + U n _l + U n - 2 ) + 

OO OO CO 

+2au 2 l (u n+1 + 2 u k ) + 2au n u n+ i ^ u k + 2au n u n - 1 ^ u k 

k=n+2 k=n+3 k=n 

+nau 2 n (u n + u n -i) + (n — l)au n -iu n (u n -2 + «n-i) 

-(n + l)a?4(u n + u n+ i) - (n + 2)au n n n+ i(n n+ i + ii n+2 ). (2.30) 

Very recently, the negative Volterra hierarchy is proposed by Pritula and Vekslerchik in [13], which 
has the form, 

(111 

" = u n (E - l)g m+1 , m>-l, (2.31) 



dt 

where g-i,i > is determined by the following equation: 

(E - E- l )f j + (E - l) 5j _i = 0, j > 1 
(£ - l)/,- + u n+1 E 2 9j - u n9j = 0, j > 1 (2.32) 
(E - E~ l )f Q = 0, u n+1 E 2 g - u n g = 0. 
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Set u n = — — ^ — in equation (2.32), then qn = q n . Under transformation u n = — — ^ — , and t — > — t for 
even flows, the hierarchy (2.22) possesses the form 

nil 

= u n (E -1)(E + l)(-l) m C m , m > -1. (2.33) 

The first flow of the hierarchy (2.33) is written as, 

du n 11 . 

— - = (2.34) 

at q n q n+ i 

which is just the simplest flow of negative Volterra hierarchy (2.31). The fact is very interesting. 
Can we establish relation between lattice hierarchy (2.33) and the negative Volterra lattice hierarchy 
(2.31)? Answer is yes. In fact, we can prove the following formula by the induction, 

(-l) j (E + l)Cj = g j+1 , j > -1. (2.35) 

First, from equation (2.2) we have —{E + l)C_i = q n = go, thus equation (2.35) holds as j = — 1. 
Notice that 

(E + \)Cj = q n (E 2 - lrV+itl - E)EC j - 1 ], 
g j+1 = q n (E 2 - ly^qn+iil ~ E)f j+1 ], j > (2.36) 

So, for j > 0, equation (2.35) is equivalent to 

{-lyECj-x = f j+1 , j > (2.37) 

Since 

oo 

h = -(1 + E)~ l Eg Q = ]T(-l) fc +V +fc+1 = Ed, 

equation (2.37) is true for j = 0. Suppose equation (2.37) holds for j = m, then it also holds for 
j = m+1. In fact, we have 

f m+ 2 = -(1 + Ey 1 Eg m+1 = -(1 + Ey^qn+^E 2 - l)-\q n+2 (l - E)Ef m+1 )] 

= (-l) m+1 (l + E)- l [q n+1 {E 2 - l)-\q n+ 2{l - E)E 2 C m ^)} = {-l) m+l EC m (2.38) 

From above analysis, we conclude that lattice hierarchy (2.9) is equivalent to the positive Volterra 
hierarchy with n-dependent coefficients and lattice hierarchy (2.3) with a = is equivalent to the 
negative Volterra hierarchy. We thus believe it was worthwhile to study nonisospectral problem (1.2) 
and the related lattice hierarchies in a independent way. 
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3 Infinitely many conservation laws for lattice hierarchies (2.3) and 
(2.9) 

For a lattice equation 

F(q n ,q n , ...,q n -i,q n ,qn+i, ■•■) = 0, (3.1) 
if there exist functions p n and J n , such that 

f>n\F=0 = Jn+l — Jn, (3-2) 

then equation (3.2) is called the conservation law of equation (3.1), where p n is the conserved density 
and J n is the associated flux. Suppose equation (3.1) has conservation law (3.2) and J n is bounded for 
all n and vanishes at the boundaries, then J2n Pn = c, with c being arbitrary constant, is an integral of 
motion of lattice equation (3.1). In this section, we first demonstrate the existence of infinitely many 
conservation laws for lattice hierarchy related to nonisospectral problem (1.2) by means of the explicit 
Lax pairs, and then we derive infinitely many conservation laws for lattice hierarchies (2.3) and (2.9) 
in details and give the corresponding conserved densities and the associated fluxes formulaically. 
3.1 Infinitely many conservation laws for lattice hierarchy related to nonisospectral problem (1.2) 
For discrete Schrodinger nonisospectral problem (1.2) 



if set T ra = ^ 2 : n 1 and notice that 



V>2,n+1 = AV>2,n-l + Qn^2,n, (3.3) 

(^2,n+l^n)f = (V>2,n+l)t _ {^2,n)t ^ ^ 

then we obtain 

d 

— [ln(Ar n + q n )\ = Q n+ i - Q n , (3.5) 

where 

Qn = 4 m) r„ + 4 m) - (3.6) 

The spectral problem (3.3) can be written in the form, 

Ar„r n+ i + <7 n r n +i -1 = 0, (3.7) 

which is a discrete Riccati equation. In order to solve the equation, we suppose the eigenfunction 
V>2(n 5 1, A) is an analytical function of the arguments and expand F n with respect to A by the Taylor 
scries 



r n = X>^\ (3.8) 

3=0 
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and then wfl can be determined recursively as follows, 

^ 0) = -^, w^ = -± £ J = 1,2,3, (3.9) 

i.e., 

1,1 1 . 



n „ „2 ' n „2 „2 V „ ~ 



9n-2^_i' '' 9n-2^-i '9n-3 9n-l ' 



1 , 1 



^ = ^^ [ ^^ ( ^ + ^ + + ^ )] ' (3 - 10) 

q n - 2 Qn-l Qn-2q n -l Qn-1 Qn-3 <?„_3 9n-2 <?n-4 



Further, from equation (3.5) we have 

^ng n + - J2 —^Z $ k = Qn+l ~ Qn, (3.11) 



dt ™ dtf^ k 

k=l 



with 



00 

* = 5>-«#>, 4 j ) = — ■ (3-12) 



Equation (3.11) leads to the form, 



r\ 'DO O OO r\ 

- £ A'"a£> = ^aff) + ^(ojA^- 1 ^) + A^a^) = Qn + i - Qn, (3.13) 

j=0 j=l 



where 



aM=ln qn , a«=— , «( 2 ) = ^-(J- + -L; 

<?n<?n-l ?n-l9n 9n-2 2g n 

(3) _ 1 1 1 



a&" ) = ^- 1 )-^ E #4 /2) + ^ E #4< 2) #- + 

«l+«2=J-2 il+«2+«3=j-3 

E 4' l) 4' 2) --^- 2) + (-i)^4 0) r 2 4 1} + ^^(4 0) ) j - (3.14) 

J h+l2+...+lj-2=2 J 

In comparison with the powers of A on both sides of equation (3.13), we obtain infinitely many 
conservation laws for lattice hierarchy related to nonisospectral problem (1.2), 

Pn,t = J nli-4\ * = 0,1,2,3, (3.15) 
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3.2 Infinitely many conservation laws of lattice hierarchies (2.3) and (2.9) 
For lattice hierarchy (2.3), notice that 



Q n = \T n EA^ m \\) + C^(A) = £ jWV, (3.16) 



j=0 

where 



jii) = I C m -i + J2 s +l=i-i w n ) EA m _i, 0<t<m+l, ^ 



we thus obtain its infinitely many conservation laws (3.15), where the associated fluxes Jn\i = 

0, 1, 2, ) are presented by equation (3.17), and the conserved density pn\i = 0, 1, 2, ) are written 

in the form, 

pW = J . . x 0<i<m+l, (3A8) 

\ al ! ' + a(i — m — 1) /q a^ -m-1 ^dt, i>m + 2, 

For lattice hierarchy (2.9), notice that 

oo 

Q n = Ar n ^( m )(A) + C^(A) = 4 l) A" m+i , (3.19) 

i=0 

where 



= f C i+ i + £ s+ , =i < i < m - 1, 



(3.20) 



with A[ = for Z > m + 1. Thus, lattice hierarchy (2.9) possesses infinitely many conservation laws 

(3.15), where the associated fluxes Jn\i = 0,1,2, ) are described by equation (3.20), and the 

conserved density pn\i = 0, 1, 2, ) are written in the form, 

!(i + l)a Jo ai^dt, < i < m - 1, 

lnq n + (m + l)a J * a^^dt, i = m, (3-21) 
a ^-m) + ^ _|_ Q! ^ +1 ) ( /t ) i > m + 1 

Conserved quantities Hi,i > of lattice hierarchy (2.3) possess the following forms, 

H = J2lnq n , ff 1 = £-J_, tf 2 = £^_(J_ + _L), 

#3 = E ^4 (— + — ) + 1 2 + Q~3~ 3 ' ( 3 - 22 ) 



11 



H m+1 = ]T a^ +1) , Hi = Y\c® +a(i-m-l) f at^dt^i > m + 2. 
For lattice hierarchy (2.9), conserved quantities Hi,i > can be described by 

< i < m - 1, 

{ E„[«t m) + (« + l)o/ * o£ +1) dt], i > m + 1 
Example 1 For lattice equation (2.6), since 



fli = < 



E„(* + l)a/ * a£ +1) dt, 



(3.23) 



Q„ = -Ar n + (^ + l)a - ci(-l) n - £(-l) fc g n+fc 

fc=0 



(3.24) 



it possesses infinitely many conservation laws (3.15), where the associated fluxes Jn\i > are written 
by the following equations, respectively, 



4 0) = £ + \)a - ci(-ir - £(-i) w 



J (1) 



7(2) _ 



1 



r(3) 



-1 - 1 



(— + 



?n-29„_i 9n-29n-r«n-3 9n-l ' 



4 4) = tVi— ( — + — ) + + — )l. 

9n_2<7„_l Qn-2qn-l Qn-1 Qn-3 9„_3 9n-2 Qn-4 

4° = ~wt X \ * > 5 

For lattice equation (2.7), notice that 

Q n = {X 2 EA^ + XEA )T n + AC_i - B , 



(3.25) 



(3.26) 



hence it admits infinitely many conservation laws (3.15), where the associated fluxes Jn\i > are 
given by, 

4° } = -Bo, J« = ^ + C-i, 4 2) = ^ " 

'/<- . 

j«=^- 2 ) j ba_ 1 + ^- 1 ) j e;Ao, 

Example 2 For lattice equation (2.11), note that 

1 - (n + l)a 



9n-l Qn-2q n -i 



i > 3 



(3.27) 



Qn 



-F 

J- n> 



(3.28) 
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we thus obtain its infinitely many conservation laws (3.15), where the associated fluxes Jn \i > have 
the formula, 

40= l-(n + l)a wg)> ^ Q (32g) 

Qn 

For lattice equation (2.12), we have 

Q n = (EA \- 1 + EA 1 )r n -B 1 \- 1 , (3.30) 

so, its infinitely many conservation laws (3.15) is given, where the associated fluxes Jn\i > are 
described by 

4 0) = -a E " > 

k=-l Qn+kQn+k+l 

t]\ na — 1 1 1 1 — (n + l)a 2a ^ l 1 — (n + l) a 

Qn-lQn Qn+1 Qn-1 O n _ 2 g„_ 1 g n q n -l<ln k=1 qn+kQn+k+1 9ri-29n-l9n 

4 l) = E * > 2, (3.31) 

here A = for / > 2. 

4 Conclusions 

It is well known that the Lax pairs and infinitely many conservation laws are two important integrable 
properties for a discrete lattice system. Specially, infinitely many conservation laws for the lattice 
hierarchy with n-dependent coefficient has little work in the literature. In this article, by means of 
discrete zero curvature representation and constructing opportune time evolution equations, two new 
discrete integrable lattice hierarchies with n-dependent coefficients are proposed, which associated 
with a new discrete Schrodinger nonisospectral problem. Further, it has been shown that lattice 
hierarchy (2.9) is equivalent to the positive Volterra hierarchy with n-dependent coefficients and lattice 
hierarchy (2.3) related to isospectral problem is equivalent to the negative Volterra hierarchy. We also 
demonstrate the existence of infinitely many conservation laws for the proposed two lattice hierarchies 
and give the corresponding conserved densities and the associated fluxes formulaically. Thus their 
integrability is confirmed. The meaning of lattice hierarchy (2.3) related to nonisospectral problem is 
worth further investigation. 
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